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ABSOLUTELY CLEAN, LEVEL, AND GORENSTEIN
AC-INJECTIVE COMPLEXES
DANIEL BRAVO AND JAMES GILLESPIE
Abstract. Absolutely clean and level R-modules were introduced in [BGH13]
and used to show how Gorenstein homological algebra can be extended to
an arbitrary ring R. This led to the notion of Gorenstein AC-injective and
Gorenstein AC-projective R-modules. Here we study these concepts in the
category of chain complexes of R-modules. We define, characterize and deduce
properties of absolutely clean, level, Gorenstein AC-injective, and Gorenstein
AC-projective chain complexes. We show that the category Ch(R) of chain
complexes has a cofibrantly generated model structure where every object is
cofibrant and the fibrant objects are exactly the Gorenstein AC-injective chain
complexes.
1. Introduction
The purpose of this paper is to begin the study of Gorenstein AC-homological
algebra in the category of chain complexes of R-modules. By Gorenstein AC-
homological algebra we mean the extension of Gorenstein homological algebra to
arbitrary rings R that was recently introduced in [BGH13]. In that paper it is shown
how Gorenstein homological algebra can be extended to arbitrary rings by replacing
finitely generated modules with modules of type FP∞. In doing so, injective mod-
ules are replaced with what we call absolutely clean modules while flat modules are
replaced with the level modules. In turn Gorenstein injective modules are replaced
with the so-called Gorenstein AC-injective modules and likewise Gorenstein projec-
tive modules are replaced with the Gorenstein AC-projective modules. Although
the definitions have changed, it is slight since these definitions coincide with the
usual definitions for nice rings, and yet allow for a very nice theory of Gorenstein
homological algebra to hold in full generality.
This paper begins by studying the absolutely clean chain complexes in Section 2.
We characterize these complexes as the exact chain complexes whose cycle modules
are each absolutely clean R-modules. We then go on to show that absolutely clean
complexes satisfy the same nice properties that the absolutely clean R-modules
were shown to satisfy in [BGH13].
In Section 3 we introduce and characterize the Gorenstein AC-injective chain
complexes. According to Theorem 3.2 these turn out to be the chain complexes X
for which each Xn is a Gorenstein AC-injective R-module and such that any chain
map f : A −→ X is null homotopic whenever A is an absolutely clean complex. This
is inspired by a result we learned from [LLY13] where a similar characterization was
given for Ding injective complexes. Indeed when R is (left) coherent, Gorenstein
AC-injective and Ding injective are the same thing; so this generalizes the result
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from [LLY13]. We go on in Section 3 to prove Theorem 3.3. This theorem shows
that the category Ch(R) of chain complexes has an abelian model structure where
each complex is cofibrant and the fibrant objects are precisely the Gorenstein AC-
injectve complexes.
In the last Section 4 we turn to the dual notions of level and Gorenstein AC-
projective complexes. We use the tensor product of chain complexes introduced
in [EGR97] to study these complexes and derive similar results to the ones ob-
tained in Sections 2 and 3. We also get chain complex versions of expected results
from [BGH13]. For example we see in Corollary 4.10 that the level complexes are
a covering class in the category of chain complexes. In Corollary 4.7 we see that a
perfect duality exists between the absolutely clean complexes and level complexes.
The reader will notice that we unfortunately have not proved the projective analog
to Theorem 3.3. One would expect the methods used in [BGH13] showing com-
pleteness of the Gorenstein AC-projective cotorsion pair in R-Mod to generalize to
complexes. But even for R-Mod this was a quite technical problem, so it appears
that this will require further attention in the future.
Finally, a note on prerequisites and our notational conventions. We have written
this paper with the reader that has encountered the paper [BGH13] in mind. Having
said this, all that is required of the reader is a good understanding of modules, chain
complexes and homological algebra. We occasionally will use standard results from
the theory of cotorsion pairs, for example from the book [EJ01].
Throughout the paper R denotes a general ring with identity. Everything we
do can be written in terms of either left or right R-modules. We will favor the
left, so that by R-module will mean a left R-module, unless stated otherwise. The
category of R-modules will be denoted R-Mod and the category of chain complexes
of R-modules will be denoted Ch(R).
Our convention is that the differentials of our chain complexes lower degree, so
· · · −→ Xn+1
dn+1
−−−→ Xn
dn−→ Xn−1 −→ · · · is a chain complex. Given a chain complex
X ∈ Ch(R), the nth suspension of X , denoted ΣnX , is the complex given by
(ΣnX)k = Xk−n and (dΣnX)k = (−1)
ndk−n. For a given R-module M , we denote
the n-disk on M by Dn(M). This is the complex consisting only of M
1M−−→ M
concentrated in degrees n and n−1. We denote the n-sphere on M by Sn(M), and
this is the complex consisting of M in degree n and 0 elsewhere.
Given two chain complexes X and Y we define Hom(X,Y ) to be the complex
of abelian groups · · · −→
∏
k∈ZHom(Xk, Yk+n)
δn−→
∏
k∈Z Hom(Xk, Yk+n−1) −→ · · · ,
where (δnf)k = dk+nfk−(−1)
nfk−1dk. This gives a functor Hom(X,−) : Ch(A) −→
Ch(Z). Note that this functor takes exact sequences to left exact sequences, and it is
exact if each Xn is projective. Similarly the contravariant functor Hom(−, Y ) sends
exact sequences to left exact sequences and is exact if each Yn is injective. It is an ex-
ercise to check that the homology satisfies Hn[Hom(X,Y )] = Ch(R)(X,Σ
−nY )/ ∼
where ∼ is the usual relation of chain homotopic maps.
2. Absolutely clean chain complexes
Absolutely clean R-modules were defined in [BGH13]. We wish to define and
characterize the analog for chain complexes of R-modules. First we need to char-
acterize chain complexes of type FP∞.
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2.1. Chain complexes of type FP∞. A module M over a ring R is said to be
of type FP∞ if M has a projective resolution by finitely generated projective
modules. If R is (left) Noetherian, the (left) modules of type FP∞ are precisely the
finitely generated modules. If R is (left) coherent, the modules of type FP∞ are
precisely the finitely presented modules. Bieri showed in [Bie81] that for any ring R,
the class of FP∞ modules is thick. This means they are closed under retracts and
whenever two out of three terms in a short exact sequence 0→M → N → L→ 0
are type FP∞ then so is the third.
Definition 2.1. A chain complex X is of type FP∞ if X has a projective reso-
lution · · · → P2 → P1 → P0 → X → 0 by finitely generated projective complexes
Pi.
Recall that by definition, a chain complex is finitely generated if whenever X =
Σi∈ISi, for some collection {Si}i∈I of subcomplexes of X , then there exists a finite
subset J ⊆ I for which X = Σi∈JSi. It is a standard fact that X is finitely
generated if and only if it is bounded (above and below) and each Xn is finitely
generated. Note that a type FP∞ complex X is certainly finitely generated since
by definition it is the image of the finitely generated complex P0.
Proposition 2.2. A chain complex X is of type FP∞ if and only if it is bounded
and each Xn is an R-module of type FP∞.
Proof. Say X is of type FP∞. Then it must be finitely generated, so it is bounded.
Also, looking at the definition of a type FP∞ complex, we see that each com-
plex Pi must consist of finitely generated projective R-module in each degree. So
immediately we get that each Xn is of type FP∞ as an R-module.
Conversely, suppose X is bounded and each Xn is an R-module of type FP∞.
Then it is easy to construct a surjection f : P0 → X where P0 is a finitely generated
projective complex. Set K = ker f and note that it also must be bounded. Since
eachXn must also be finitely presented, it follows that eachKn is finitely generated.
Thus K is finitely generated and we can again construct a surjection f1 : P1 → K
where P1 is a finitely generated projective complex. Set K1 = ker f1 and note
that K1 must be bounded. Since each Xn must be of type FP2, it follows that
K1 must also be a finitely generated complex. Continuing is this way, using that
Xn is an R-module of type FPn for all n, we construct a projective resolution
· · · → P2 → P1 → P0 → X → 0 where each Pi is a finitely generated projective
complex. 
Corollary 2.3. For any ring R, the class of complexes of type FP∞ is thick.
Moreover,
(1) R is (left) Noetherian iff the finitely generated complexes coincide with the
complexes of type FP∞.
(2) R is (left) coherent iff the finitely presented complexes coincide with the
complexes of type FP∞.
Proof. The analogous statements hold in the categoryR-Mod and so it is immediate
from Proposition 2.2 that they hold in Ch(R). 
2.2. Absolutely clean chain complexes. The definition below of an absolutely
clean chain complex is entirely analogous to the definition of an absolutely clean
R-module from [BGH13].
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Definition 2.4. We call a chain complex A absolutely clean if Ext1Ch(R)(X,A) =
0 for all chain complexes X of type FP∞.
Our goal now is to characterize the absolutely clean chain complexes. They will
turn out to be the exact complexes A for which each cycle ZnA is an absolutely
clean R-module.
Lemma 2.5. A chain complex A is absolutely clean iff Ext1Ch(R)(S
n(M), A) = 0
for all R-modules M of type FP∞.
Proof. The proof is straightforward and is just like the argument given in [LLY13,
Proposition 3.17]. We summarize the proof: Use that any complex X of type FP∞
must be a bounded complex of finite length n. Proceed by induction. The base
step (n = 1) is given, and a complex of length n is an extension of a complex of
length 1 by a complex of length n− 1. 
Proposition 2.6. A chain complex A is absolutely clean if and only if A is exact
and each ZnA is an absolutely clean R-module.
Proof. Say A is an absolutely clean complex. Then by Lemma 2.5 we see that
Ext1Ch(R)(S
n(M), A) = 0 for all M of type FP∞. Since R is of type FP∞, we have
Ext1Ch(R)(S
n(R), A) = 0 for all n. It follows that A must be an exact complex,
(for example, see [Gil08, Lemma 4.5]). Now using [Gil08, Lemma 4.2] we have
0 = Ext1Ch(R)(S
n(M), A) ∼= Ext1R(M,ZnA) for all M of type FP∞. This means
each ZnA is an absolutely clean R-module.
On the other hand, if A is exact and each ZnA is an absolutely clean R-module,
then we can reverse this argument and apply Lemma 2.5 to conclude A is absolutely
clean. 
2.3. Properties of absolutely clean complexes. Absolutely clean complexes
possess the same nice properties as absolutely clean R-modules. Here we are fol-
lowing [BGH13, Propositions 2.5 and 2.6].
A short exact sequence 0→ X → Y → Z → 0 of chain complexes is called pure
exact if it remains exact after applying HomCh(R)(F,−) for any finitely presented
complex F . We call it clean exact if it has the same property but only for all F
of type FP∞ rather than all the finitely presented F . A subcomplex P of a chain
complex X is called pure (resp. clean) if 0 → P → X → X/P → 0 is pure exact
(reps. clean exact).
Proposition 2.7. For any ring R the following hold:
(1) If A is an absolutely clean chain complex, then ExtnCh(R)(X,A) = 0 for all
n > 0 and X of type FP∞.
(2) The class of absolutely clean chain complexes is closed under pure subcom-
plexes and pure quotients. In fact, they are closed under clean subcomplexes
and clean quotients.
(3) The class of absolutely clean chain complexes is coresolving; that is, it con-
tains the injective chain complexes and is closed under extensions and cok-
ernels of monomorphisms.
(4) The class of absolutely clean chain complexes is closed under direct products,
direct sums, retracts, direct limits, and transfinite extensions.
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Recall that given a collection of chain complexes D, we say that X is a transfinite
extension of objects in D if there is an ordinal λ and a colimit-preserving functor
X : λ → Ch(R) with X0 ∈ D such that each map Xi → Xi+1 is a monomorphism
whose cokernel is in D, and such that colimi<λXi ∼= X .
Proof. Let X be a chain complex of type FP∞ and take a resolution P∗ by finitely
generated projective complexes. Set X0 = X and for each i > 0, let Xi = Im(Pi →
Pi−1), and thus from the following exact sequence
· · · → Pi+2 → Pi+1 → Pi → Xi → 0
we see that each Xi is of type FP∞. Hence by dimension shifting we get that for
any absolutely clean complex A,
0 = Ext1Ch(R)(Xn−1, A)
∼= ExtnCh(R)(X,A)
This proves the first statement.
For the second statement, suppose that A is an absolutely clean chain complex
and that
E : 0→ A′ → A→ A′′ → 0
is a pure exact sequence of chain complexes. So HomCh(R)(X,E) is exact for any
finitely presented complex X . Then in particular HomCh(R)(X,E) is exact for any
chain complex X of type FP∞. Therefore Ext
1
Ch(R)(X,A
′) is a subgroup of the
zero group Ext1Ch(R)(X,A), and thus A
′ is an absolutely clean chain complex. By
the first part, we also have that Ext2Ch(R)(X,A
′) = 0, and so Ext1Ch(R)(X,A
′′) is
the zero group too. Hence A′′ is also an absolutely clean chain complex. Note that
we only needed to assume that E was a clean exact sequence for this argument to
work.
Now suppose that
0→ A′ → A→ A′′ → 0
is a short exact sequence with A and A′ absolutely clean chain complexes. By
applying HomCh(R)(X,−) to this sequence, where X is of type FP∞, we get
that Ext1Ch(R)(X,A
′′) is trapped between the two zero groups Ext1Ch(R)(X,A) and
Ext2Ch(R)(X,A
′), and so it is also zero. This gives us that A′′ is an absolutely
clean chain complex. Similarly, if A′ and A′′ are absolutely clean chain complex,
then by the same token Ext1Ch(R)(X,A) = 0, whenever X is of type FP∞. Injec-
tive complexes are easily seen to be absolutely clean, so we have proved the third
statement.
Finally, for the fourth statement, observe that absolutely clean chain complexes
are clearly closed under products and retracts due to standard properties of Ext1.
Notice that closure under direct sums is a special case of closure under direct limits,
since any direct sum is the direct limit of its finite partial sums. Also, since we
already have that the absolutely clean complexes are closed under extensions, the
closure under transfinite extensions will also follow from knowing closure under
direct limits. Thus it is only left to show that the absolutely clean complexes are
closed under direct limits. But this follows immediately from the characterization
of absolutely clean complexes given in Proposition 2.6 along with the corresponding
fact for R-modules from [BGH13, Proposition 2.5]. In other words, it follows from
the fact that direct limits are exact. 
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The next Proposition will require the following lemma whose proof can be found
in [GR99, Lemma 5.2.1] or [Gil04, Lemma 4.6]. For a chain complex X , we define
its cardinality to be |
∐
n∈ZXn|.
Lemma 2.8. Let κ be some regular cardinal with κ > |R|. Say X ∈ Ch(R) and
S ⊆ X has |S| ≤ κ. Then there exists a pure P ⊆ X with S ⊆ P and |P | ≤ κ.
Remark 2.9. We note that [GR99, Lemma 5.2.1] and [Gil04, Lemma 4.6] give
several other characterizations of pure exact sequences of complexes, but none of
them are stated exactly the same as our definition above. However, they are equiv-
alent. In particular, one of their characterizations of purity is that the altered
Hom-complex functor Hom(F,−) remains an exact sequence (of complexes) for
any finitely presented complex F . However, for chain complexes X ,Y , the defi-
nition of Hom(X,Y ) turns out to just be HomCh(R)(X,Σ
−nY ) in degree n. So
indeed, Hom(F,−) preserves short exact sequences if and only if HomCh(R)(F,−)
preserves short exact sequences.
Proposition 2.10. Suppose A is a class of chain complexes that is closed under
taking pure subcomplexes and quotients by pure subcomplexes. Then there is a
cardinal κ such that every chain complex in A is a transfinite extension of complexes
in A with cardinality bounded by κ, meaning ≤ κ.
Proof. As in Lemma 2.8, we let κ be some regular cardinal with κ > |R|. Let
A ∈ A. If |A| ≤ κ there is nothing to prove. So assume |A| > κ. We will use
transfinite induction to find a strictly increasing continuous chain A0 ⊂ A1 ⊂ A2 ⊂
· · · ⊂ Aα ⊂ · · · of subcomplexes of A with each Aα, Aα+1/Aα ∈ A and with
|A0|, |Aα+1/Aα| ≤ κ. We start by applying Lemma 2.8 to find a pure subcomplex
A0 ⊂ A with |A0| ≤ κ. Then A0 and A/A0 are each complexes in A by assumption.
So we again apply Lemma 2.8 to A/A0 to obtain a pure subcomplex A1/A0 ⊂ A/A0
with |A1/A0| ≤ κ. So far we have A0 ⊂ A1 ⊂ A and with A0, A1/A0 back in A and
with their cardinalities bounded by κ.
We now pause to point out the important fact that A1 ⊂ A is also a pure
subcomplex. Indeed, given a finitely presented complex F , we need to argue that
HomCh(R)(F,A) → HomCh(R)(F,A/A1) is an epimorphism. But after identifying
(A/A0)/(A1/A0) ∼= A/A1, this map is just the composite
HomCh(R)(F,A) −→ HomCh(R)(F,A/A1) −→ HomCh(R)(F, (A/A0)/(A1/A0)),
and each of these are epimorphisms because A0 ⊂ A is pure and A1/A0 ⊂ A/A0 is
pure.
Back to the increasing chain A0 ⊂ A1 ⊂ A, we also note that A/A1 is back in
A since (A/A0)/(A1/A0) ∼= A/A1 is a pure quotient. So we may repeat the above
procedure to construct a strictly increasing chain A0 ⊂ A1 ⊂ A2 ⊂ · · · where each
An is a pure subcomplex of A and each An+1/An ∈ A has cardinality bounded by κ.
We set Aω = ∪n<ωAn. Then Aω is also a pure subcomplex since pure subcomplexes
are closed under direct unions by [Gil04, pp. 3384]. So Aω and A/Aω are also each
in A and we may continue to building the continuous chain
A0 ⊂ A1 ⊂ A2 ⊂ · · · ⊂ Aω ⊂ Aω+1 · · ·
Continuing with transfinite induction, and setting Aγ = ∪α<γAα whenever γ is
a limit ordinal, this process eventually must terminate and we end up with A
expressed as a union of a continuous chain with all the desired properties. 
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Corollary 2.11. There exists a cardinal κ such that every absolutely clean chain
complex is a transfinite extension of absolutely clean complexes with cardinality
bounded by κ. In particular, there is a set S of absolutely clean complexes for which
every absolutely clean complex is a transfinite extension of ones in S.
Proof. Immediate from the previous propositions. 
3. Gorenstein AC-injective chain complexes
Again, following [BGH13], we now introduce the Gorenstein AC-injective chain
complexes. The main goal here is to characterize these complexes and to show that
they are the fibrant objects of an injective model structure on the category Ch(R).
Definition 3.1. We call a chain complex X Gorenstein AC-injective if there
exists an exact complex of injective complexes
· · · → I1 → I0 → I
0 → I1 → · · ·
with X = ker (I0 → I1) and which remains exact after applying HomCh(R)(A,−)
for any absolutely clean chain complex A.
Note that it is the abelian group bifunctor HomCh(R) and not the complex of
abelian groups bifunctor Hom (see Section 1) appearing in the above definition.
However, it is equivalent to replace HomCh(R)(A,−) in the definition with the
graded Hom-complex Hom(A,−). See Remark 2.9. On the other hand, it is Hom
that appears in the following characterization inspired by [LLY13, Theorem 3.20].
Theorem 3.2. A chain complex X is Gorenstein AC-injective if and only if each
Xn is a Gorenstein AC-injective R-module and Hom(A,X) is exact for any ab-
solutely clean chain complex A. Equivalently, each Xn is Gorenstein AC-injective
and any chain map f : A→ X is null homotopic whenever A is an absolutely clean
complex.
Proof. (⇒) Let X be a Gorenstein AC-injective complex. Then there is an exact
complex of injective complexes
· · · → I1 → I0 → I
0 → I1 → · · ·
with X = ker (I0 → I1) which remains exact after applying HomCh(R)(A,−) for
any absolutely clean chain complex A. We first wish to show that each Xn is
a Gorenstein AC-injective R-module. Of course we have the exact complex of
injective R-modules
· · · → (I1)n → (I0)n → (I
0)n → (I
1)n → · · ·
and it does have Xn = ker ((I
0)n → (I
1)n). So it is left to show that this remains
exact after applying HomR(A,−) for any absolutely clean R-module A. But given
any such A, we get that Dn(A) is absolutely clean from Proposition 2.6. Using
the standard adjunction HomCh(R)(D
n(A), Y ) ∼= HomR(A, Yn), we see that the
complex of abelian groups
· · · → HomR(A, (I1)n)→ HomR(A, (I0)n)→ HomR(A, (I
0)n)→ · · ·
is isomorphic to the one obtained by applying HomCh(R)(D
n(A),−) to the original
injective resolution of X . Since the latter complex is exact, we conclude Xn is
Gorenstein AC-injective.
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Next we wish to show that for any absolutely clean chain complex A, the complex
Hom(A,X) is exact. Since X is Gorenstein AC-injective it follows from the defini-
tion that ExtnCh(R)(A,X) = 0 for all n ≥ 1. In particular, Ext
1
Ch(R)(A,X) = 0 for
all absolutely clean complexes A. This implies that the subgroup of all degreewise
split extensions Ext1dw(A,X) = 0 for all absolutely clean complexes A. So given
any absolutely clean A, we have Hn[Hom(A,X)] ∼= Ext
1
dw(A,Σ
−n−1X) by [Gil04,
Lemma 2.1]. But it is easy to see Ext1dw(A,Σ
−n−1X) ∼= Ext1dw(Σ
n+1A,X). So for
all n we have Hn[Hom(A, Y )] ∼= Ext
1
dw(Σ
n+1A,X) = 0 since of course Σn+1A is
also absolutely clean.
(⇐) Now suppose each Xn is a Gorenstein AC-injective R-module and Hom(A,X)
is exact for any absolutely clean chain complex A. We wish to construct a complete
injective resolution of X satisfying Definition 3.1. We start by using that Ch(R) has
enough injectives, and write a short exact sequence 0 → X → I0 → C → 0 where
I0 is an injective complex. Since the class of Gorenstein AC-injective R-modules is
coresolving (by [BGH13, Lemma 5.6]) we see that each Cn is also Gorenstein AC-
injective. We claim that C also satisfies that Hom(A,C) is exact for all absolutely
clean complexes A. Indeed for any choice of integers n, k and an absolutely clean
complex A, we have Ext1R(Ak, Xk+n) = 0 since Ak is an absolutely clean R-module
and Xk+n is Gorenstein AC-injective. Therefore we get a short exact sequence for
all n, k:
0→ HomR(Ak, Xk+n)→ HomR(Ak, (I
0)k+n)→ HomR(Ak, Ck+n)→ 0.
Since products of short exact sequences of abelian groups are again exact, we get
the short exact sequence
0→
∏
k∈Z
HomR(Ak, Xk+n)→
∏
k∈Z
HomR(Ak, (I
0)k+n)→
∏
k∈Z
HomR(Ak, Ck+n)→ 0.
But this is degree n of 0→ Hom(A,X)→ Hom(A, I0)→ Hom(A,C)→ 0, and so
this last sequence of complexes is short exact. Since Hom(A,X) and Hom(A, I0)
are each exact it follows that Hom(A,C) is also exact as claimed. Since C has the
same properties as X we may inductively obtain an injective coresolution
0 −→ X
η
−→ I0
d0
−→ I1
d1
−→ I2
d2
−→ · · ·
where each Ki = kerdi (i ≥ 0) is degreewise Gorenstein AC-injective and which
satisfies that Hom(A,Ki) is exact for any absolutely clean complex A. This cores-
olution must remain exact after applying HomCh(R)(A,−) for any absolutely clean
A because Ext1Ch(R)(A,K
i) = Ext1dw(A,K
i) ∼= H−1[Hom(A,K
i)] = 0, where again
we have used [Gil04, Lemma 2.1].
It is left then to extend 0 −→ X
η
−→ I0
d0
−→ I1
d1
−→ I2
d2
−→ · · · to the left to obtain
a complete resolution satisfying Definition 3.1. First note that there is an obvious
(degreewise split) short exact sequence
0→ Σ−1X
(1,−d)
−−−−→
⊕
n∈Z
Dn(Xn)
d+1
−−→ X → 0.
Now each Xn is Gorenstein AC-injective. So we certainly can find a short exact
sequence 0→ Yn
αn−−→ Jn
βn
−−→ Xn → 0 where Jn is injective and Yn is also Gorenstein
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AC-injective. This gives us another short exact sequence
0→
⊕
n∈Z
Dn(Yn)
⊕
n∈Z
Dn(αn)
−−−−−−−−−→
⊕
n∈Z
Dn(Jn)
⊕
n∈Z
Dn(βn)
−−−−−−−−−→
⊕
n∈Z
Dn(Xn)→ 0.
Notice that
⊕
n∈ZD
n(Jn) =
∏
n∈ZD
n(Jn) is an injective complex and we will
denote it by I0. Furthermore, let ǫ : I0 → X be the composite⊕
n∈Z
Dn(Jn)
⊕
n∈Z
Dn(βn)
−−−−−−−−−→
⊕
n∈Z
Dn(Xn)
d+1
−−→ X.
Then ǫ is an epimorphism since it is the composite of two epimorphisms. Moreover,
setting K0 = ker ǫ, it follows from the snake lemma that K0 sits in the short
exact sequence 0 →
⊕
n∈ZD
n(Yn) −→ K0 −→ Σ
−1X → 0. In particular, K0 is
an extension of
⊕
n∈ZD
n(Yn) and Σ
−1X , and so K0 must be Gorenstein AC-
injective in each degree since both of
⊕
n∈ZD
n(Yn) and Σ
−1X are such. Because
of this, if A is any absolutely clean complex, applying Hom(A,−) to the short exact
sequence 0 → K0 −→ I0 −→ X → 0 will yield the short exact 0 → Hom(A,K0) →
Hom(A, I0) → Hom(A,X) → 0 of chain complexes. And also Hom(A,K0) must
be exact since Hom(A, I0) and Hom(A,X) are. Since K0 has the same properties
as X , we may continue inductively to obtain the desired resolution
· · · −→ I2
d2−→ I1
d1−→ I0
ǫ
−→ X → 0
Finally, we paste the resolution together with 0 −→ X
η
−→ I0
d0
−→ I1
d1
−→ I2
d2
−→ · · ·
by setting d0 = ηǫ and we are done. 
Following [Gil13a], in the setting of any abelian category A with enough injec-
tives, we call a cotorsion pair (W ,F) an injective cotorsion pair if it is complete,
W is thick, and W ∩ F coincides with the class of injective objects. In this case,
according to Hovey’s correspondence from [Hov02], the cotorsion pair (W ,F) is
equivalent to an abelian model structure on A where all objects are cofibrant, F
is the class of fibrant objects, and W are the trivial objects. If A has enough
projectives, we define the dual notion of a projective cotorsion pair.
Now let R be any ring and let GI denote the class of Gorenstein AC-injective
R-modules. Set W = ⊥GI. Then it follows from what is proved in [BGH13, Sec-
tion 5] that (W ,GI) is an injective cotorsion pair. The associated model structure
generalizes the Gorenstein injective model structure defined in [Hov02] and its gen-
eralization to Ding-Chen rings in [Gil10]. We now show that the analog for chain
complexes holds. That is, we now let GI denote the class of all Gorenstein AC-
injective complexes and show that these are the right half of an injective cotorsion
pair in the category Ch(R).
Theorem 3.3. Let R be any ring and let GI denote the class of Gorenstein AC-
injective chain complexes. Set W = ⊥GI. Then (W ,GI) is an injective cotorsion
pair in Ch(R). It is cogenerated by a set and so is equivalent to a cofibrantly
generated (injective) model structure on Ch(R).
Proof. Again, from [BGH13, Section 5] we know that the Gorenstein AC-injective
R-modules are the right half of an injective cotorsion pair in R-Mod. In particular,
Proposition 5.10 of [BGH13] shows that it is cogenerated by a some set S0. That
is, there is a set of R-modules S0 such that S
⊥
0 is the class of Gorenstein AC-
injectives. We also know from Corollary 2.11 that there exists some set S1 of
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absolutely clean complexes such that each absolutely clean complex is a transfinite
extension of ones in S1. We may assume that S1 is closed under suspensions. We
let S = S1 ∪ {D
n(S) |S ∈ S0, n ∈ Z}. We claim S
⊥ = GI.
(⊆) Let X ∈ S⊥. Using Theorem 3.2 we wish to show Xn is a Gorenstein
AC-injective R-module and that Hom(A,X) is exact whenever A is an absolutely
clean complex. We have that for any S ∈ S0, 0 = Ext
1
Ch(R)(D
n(S), X). But
Ext1Ch(R)(D
n(S), X) ∼= Ext1R(S,Xn) by a standard isomorphism. Since S0 co-
generates the Gorenstein AC-injective cotorsion pair, we conclude that each Xn
is a Gorenstein AC-injective R-module. Now let A be an arbitrary absolutely
clean complex and using Corollary 2.11 write it as a transfinite extension A ∼=
lim
−→α<λ
Aα where each Aα ∈ S1. We have Hn[Hom(A,X)] ∼= Ext
1
dw(A,Σ
(−n−1)X)
by [Gil04, Lemma 2.1]. But Ext1dw(A,Σ
(−n−1)X) ∼= Ext1dw(Σ
(n+1)A,X) and this
is a subgroup of Ext1Ch(R)(Σ
(n+1)A,X). This latter group must be zero since each
Ext1Ch(R)(Σ
(n+1)Aα, X) = 0 is zero by hypothesis. Here we are using Eklof’s lemma.
For a proof, see for example [Hov02, Lemma 6.2].
(⊇) Say X is a Gorenstein AC-injective complex, so each Xn is a Gorenstein
AC-injective R-module and Hom(A,X) is exact whenever A is an absolutely clean
complex. So for any S ∈ S0 we have Ext
1
Ch(R)(D
n(S), X) ∼= Ext1R(S,Xn) = 0. It
is left to show Ext1Ch(R)(A,X) = 0 for any A ∈ S1. But since each such A is an
absolutely clean complex we have Ext1Ch(R)(A,X) = Ext
1
dw(A,X)
∼= H−1(A,X) =
0, again using [Gil04, Lemma 2.1].
Having shown S⊥ = GI, it follows that (⊥(S⊥),S⊥) = (W ,GI) is a complete
cotorsion pair in Ch(R). We now show that W is thick. Following the language
and notation of [Gil08, Definition 3.4] it is easy to see that (W ,GI) is a degreewise
orthogonal cotorsion pair in Ch(R) and we denote by (W ′,GI ′) the corresponding
cotorsion pair in R-Mod, where GI ′ is the class of Gorenstein AC-injective R-
modules. It follows from [Gil08, Proposition 3.7] that W consists precisely of the
chain complexes W with each Wn ∈ W
′ and such that any chain map f : W → X
is null homotopic whenever X is a Gorenstein AC-injective complex. Since we
already know that the Gorenstein AC-injective cotorsion pair (W ′,GI ′) in R-Mod
is injective, we already have that W ′ is thick. It follows that W is thick too. In
particular, note that if 0→ U → V → W → 0 is a short exact sequence, with any
two out of three being complexes in W , then the third complex must also have all
components in W ′. Moreover, for any X ∈ GI, applying the functor Hom(−, X)
yields a short exact sequence 0 → Hom(W,X) → Hom(V,X) → Hom(U,X) → 0
(because all Ext groups vanish degreewise). So whenever two of the three complexes
here are exact, then so is the third. It follows that W is thick.
It remains to show that W ∩ GI coincides with the class of injective chain com-
plexes. By [Gil13a, Propositioin 3.6] it is now enough to show that W contains all
injective complexes. But since the Gorenstein AC-injective cotorsion pair (W ′,GI ′)
in R-Mod is injective, we already know that W ′ contains the injective R-modules.
Since injective complexes I have the property that each In is injective and any
chain map I → X is null homotopic, it follows from the characterization of W
given in the last paragraph that the injective complexes I ∈ W . 
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4. Level and Gorenstein AC-projective chain complexes
Having just studied absolutely clean and Gorenstein AC-injective chain com-
plexes, we naturally wish to do the same with level and Gorenstein AC-projective
chain complexes. Recall that while absolutely clean modules are defined via FP∞
modules and the Ext functor, the level modules are defined via FP∞ and the
Tor functor. However we must be careful when generalizing to chain complexes,
since the usual tensor product of chain complexes does not characterize flatness.
For this we need the modified tensor product and its left derived torsion functor
from [EGR97] and [GR99]. So we start this section by recalling this tensor product
and proving a couple of lemmas. These lemmas will then allow us to mimic our
work from Sections 2 and 3.
4.1. Modified tensor product and Tor functors. We denote by X⊗Y , the
modified tensor product of chain complexes from [EGR97] and [GR99]. This is the
correct tensor product for characterizing flatness in Ch(R) since a complex F is a
direct limit of finitely generated projective complexes if and only if F⊗− is an exact
functor. ⊗ is defined in terms of the usual tensor product ⊗ of chain complexes as
follows. Given a complex X of right R-modules and a complex Y of left R-modules,
we define X⊗Y to be the complex whose n-th entry is (X ⊗ Y )n/Bn(X ⊗ Y ) with
boundary map (X ⊗ Y )n/Bn(X ⊗ Y )→ (X ⊗ Y )n−1/Bn−1(X ⊗ Y ) given by
x⊗ y 7→ dx ⊗ y.
This defines a complex and we get a bifunctor −⊗− which is right exact in each
variable. We denote the corresponding left derived functors by Tori. We refer the
reader to [GR99] for more details.
Notation. For a chain complex X and an integer n, let X [n] denote the n-th
translation of X . It is the chain complex whose degree k is Xk−n, and whose
differentials are unchaged. That is, X [n] is the same as the n-th suspension,
ΣnX , but without the sign change for odd n. Also, for a sequence of R-modules
. . . ,M−2,M−1,M0,M1,M2, . . . we note that the complex · · · → M2
0
−→ M1
0
−→
M0
0
−→M−1
0
−→M−2 → · · · is isomorphic to
⊕
k∈Z S
k(Mk). We in fact will just use
the notation
⊕
k∈Z S
k(Mk) to denote this complex.
Lemma 4.1. Tori(S
n(R), X) ∼= Σn−i
⊕
k∈Z S
k(HkX) for all i ≥ 1.
Proof. As explicitly shown in the diagram below, we have the projective resolution
· · · → Dn−2(R)→ Dn−1(R)→ Dn(R)→ Sn(R)→ 0 of Sn(R).
· · · R R 0
· · · 0 R R 0
· · · 0 R R 0
· · · 0 R R 0
· · · 0 0
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Denote this resolution by P → Sn(R). To compute Tori(S
n(R), X) we take the
i-th homology of P⊗X . Using the isomorphisms Dn(R)⊗X ∼= R ⊗R X [n] ∼= X [n]
(the first isomorphism can be found in [GR99]), the complex P⊗X becomes
· · · → X [n− 2]→ X [n− 1]→ X [n]→ 0.
Looking at this resolution vertically, we see it is this:
X [n− 3] · · · X5−n X4−n X3−n
X [n− 2] · · · X4−n X3−n X2−n
X [n− 1] = · · · X3−n X2−n X1−n
X [n] · · · X2−n X1−n X−n
0 0 0 0
...
...
...
...
· · ·
· · ·
· · ·
· · ·
degree 2 degree 1 degree 0
Taking the ith-homology (to compute Tori(S
n(R), X)) gives us the complex
· · ·
0
−→ H(i+2)−n(X)
0
−→ H(i+1)−n(X)
0
−→ Hi−n(X)
0
−→ H(i−1)−n
0
−→ · · ·
where Hi−n(X) is in degree 0 of the complex. But this is just the chain complex⊕
k∈Z S
k(H(i+k)−n) = Σ
n−i
⊕
k∈Z S
k(HkX). 
Lemma 4.2. Let X be an exact complex. Then for any right R-module M and
i ≥ 1, we have
Tori(S
n(M), X) ∼=
⊕
k∈Z
Sk
(
TorRi (M,Xk−n/Bk−nX)
)
Proof. Take a resolution of X by projective complexes · · · → P ′′ → P ′ → P →
X → 0. Note that since X is exact we have for each n, a projective resolution of
Xn/BnX :
· · · → P ′′n /BnP
′′ → P ′n/BnP
′ → Pn/BnP → Xn/BnX → 0.
We apply Sn(M)⊗− to P = · · · → P ′′ → P ′ → P → 0 to get · · · → Sn(M)⊗P ′′ →
Sn(M)⊗P ′ → Sn(M)⊗P → 0. We picture this complex vertically and apply the
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definition of ⊗ to get:
M ⊗R P
′
1−n
B1−n(M ⊗R P ′)
M ⊗R P
′
−n
B−n(M ⊗R P ′)
M ⊗R P
′
−n−1
B−n−1(M ⊗R P ′)
M ⊗R P1−n
B1−n(M ⊗R P )
M ⊗R P−n
B−n(M ⊗R P )
M ⊗R P−n−1
B−n−1(M ⊗R P )
· · ·
· · ·
· · ·
· · ·
...
...
...
deg 1 deg 0 deg −1
0 0 0 0
0 0 0 0
But P (and similarly for P ′, P ′′, . . . ) is a pure exact complex and so we see that
each
0→M ⊗R BnP →M ⊗R Pn →M ⊗R (Pn/BnP )→ 0
is exact, whence M ⊗R Pn/Bn(M ⊗R P ) ∼= M ⊗R (Pn/BnP ). Through this iso-
morphism, the above complex of complexes becomes
M ⊗R
P ′1−n
B1−nP ′
M ⊗R
P ′−n
B−nP ′
M ⊗R
P ′−n−1
B−n−1P ′
M ⊗R
P1−n
B1−nP
M ⊗R
P−n
B−nP
M ⊗R
P−n−1
B−n−1P
· · ·
· · ·
· · ·
· · ·
...
...
...
deg 1 deg 0 deg −1
0 0 0 0
0 0 0 0
Finally, to get Tori(S
n(M), X) we take the ith homology of the above complex to
obtain:
· · ·
0
−→ TorRi
(
M,
X1−n
B1−nX
)
0
−→ TorRi
(
M,
X−n
B−nX
)
0
−→ TorRi
(
M,
X−n−1
B−n−1X
)
0
−→ · · ·
This is exactly
⊕
k∈Z S
k
(
TorRi (M,Xk−n/Bk−nX)
)
. 
4.2. Level chain complexes. We start with the definition of a level chain com-
plex.
Definition 4.3. We call a chain complex L level if Tor1(X,L) = 0 for all chain
complexes X of right R-modules of type FP∞.
Remark 4.4. One might be bothered by the fact that our definition of absolutely
clean was in terms of the vanishing of Ext1Ch(R)(X,A), an abelian group, while our
definition of level is in terms of the vanishing of Tor1(X,L), a complex of abelian
groups. However, the modified tensor product ⊗ of complexes makes the category
of chain complexes into a closed symmetric monoidal category when one considers
also the modified Hom-complex Hom of [EGR97] and [GR99]. The right derived
functors of Hom , denoted Ext
i
, satisfy that Ext
i
(X,Y ) is a complex whose degree
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n is ExtiCh(R)(X,Σ
−nY ). Using this it is easy to see that a complex A is absolutely
clean if and only if Ext
1
(X,A) = 0 for all complexes X of type FP∞. So it is
equivalent to define absolutely clean in terms of the the functor Ext
1
.
We wish to characterize the level chain complexes and they will turn out to be
the exact complexes L for which each cycle ZnL is a level R-module. The proof of
the following lemma is a straightforward exercise similar to Lemma 2.5.
Lemma 4.5. A chain complex L is level iff Tor1(S
n(M), L) = 0 for all right R-
modules M of type FP∞.
Proposition 4.6. A chain complex L is level if and only if L is exact and each
ZnL is a level R-module.
Proof. Say L is a level complex. Then by Lemma 4.5 we see that Tor1(S
n(M), L) =
0 for all right modules M of type FP∞. Since RR is of type FP∞, we have
0 = Tor1(S
1(R), L) and so L is exact from Lemma 4.1. Now by Lemma 4.2 we
have that
0 = Tor1(S
0(M), L) ∼=
⊕
k∈Z
Sk
(
TorR1 (M,Lk/BkL)
)
for each right moduleM of type FP∞. Since L is exact we have Lk/BkL ∼= Zk−1L,
so this shows each ZnL is a level R-module.
On the other hand, if L is exact and each ZnL is level, then applying Lemmas 4.5
and Lemma 4.2 we conclude L is level. 
Since Q/Z is an injective cogenerator for the category of abelian groups, the
functor HomZ(−,Q/Z) preserves and reflects exactness. So Proposition 4.6 imme-
diately gives us the following corollary due to the perfect duality between absolutely
clean and level modules [BGH13, Theorem 2.10].
Corollary 4.7. A chain complex L of left (resp. right) modules is level if and only
if L+ = HomZ(L,Q/Z) is an absolutely clean complex of right (resp. left) modules.
And, a chain complex A of left (resp. right) modules is absolutely clean if and only
if L+ = HomZ(L,Q/Z) is a level complex of right (resp. left) modules.
4.3. Properties of level complexes. We now prove that the class of level com-
plexes possesses very nice properties similar to those satisfied by absolutely clean
complexes.
Proposition 4.8. For any ring R the following hold:
(1) If L is a level chain complex, then Torn(X,L) = 0 for all n > 0 and chain
complexes of right R-modules X of type FP∞.
(2) The class of level chain complexes is closed under pure subcomplexes and
pure quotients.
(3) The class of level chain complexes is resolving; that is, it contains the pro-
jective chain complexes and is closed under extensions and kernels of epi-
morphisms.
(4) The class of level chain complexes is closed under direct products, direct
sums, retracts, direct limits, and transfinite extensions.
Proof. Let X be a chain complex of right R-modules of type FP∞ and take a
resolution P∗ by finitely generated projective complexes. Set X0 = X and for each
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i > 0, let Xi = Im(Pi → Pi−1), and thus from the following exact sequence
· · · → Pi+2 → Pi+1 → Pi → Xi → 0
we see that each Xi is also of type FP∞. Hence by dimension shifting we get that
for any level complex L,
0 = Tor1(Xn−1, L) ∼= Torn(X,L)
This proves the first statement.
For the second statement, suppose that L is a level chain complex and that
E : 0→ L′ → L→ L′′ → 0
is a pure exact sequence of chain complexes, meaning HomCh(R)(X,E) is exact for
any finitely presented complex X (of left modules). By [GR99, Theorem 5.1.3]
this is equivalent to the statement that X⊗E is exact for any finitely presented
complex X (of right R-modules). So in particular X⊗E is exact for any chain
complex X of right modules of type FP∞. Therefore Tor1(X,L
′′) must be zero
since Tor1(X,L) is zero; thus L
′′ is a level chain complex. By the first part, we
also have that Tor2(X,L
′′) = 0, and so Tor1(X,L
′) is the zero complex too. Hence
L′ is also a level chain complex. (Note that it does NOT appear as though this
argument will work when E is just a clean exact sequence, as was the case for the
class of absolutely clean complexes.)
Now for the third statement suppose that
0→ L′ → L→ L′′ → 0
is a short exact sequence with L and L′′ level chain complexes. By applying X⊗−
to this sequence, where X is of type FP∞, we get that Tor1(X,L
′) is trapped
between the two zero complexes Tor1(X,L) and Tor2(X,L
′′), and so it is also zero.
This gives us that L′ is a level chain complex. Similarly, if L′ and L′′ are level,
then we see Tor1(X,L) = 0, whenever X is of type FP∞. Projective complexes are
certainly level, so we have proved the third statement.
For the fourth statement, one can use the characterization of level complexes from
Proposition 4.6 along with the fact that each corresponding fact is true in R-Mod
by [BGH13, Proposition 2.8]. For example, since R-Mod satisfies Grothendieck’s
AB4, AB4*, and AB5, exact sequences are closed under direct sums, direct prod-
ucts, and direct limits. 
Corollary 4.9. There exists a cardinal κ such that every level chain complex is a
transfinite extension of level complexes with cardinality bounded by κ. In particular,
there is a set S of level complexes for which every level complex is a transfinite
extension of ones in S.
Proof. Immediate Propositions 4.8 and 2.10. 
Corollary 4.10. For any ring R, the class of level complexes are the left half of a
complete hereditary cotorsion pair cogenerated by a set. Moreover this is a perfect
cotorsion pair, meaning every complex has a level cover.
Proof. It is a standard fact that any set S in Ch(R) will cogenerate a complete
cotorsion pair (⊥(S⊥),S⊥), where ⊥(S⊥) consists precisely of all retracts of trans-
finite extensions of complexes in S. Taking S to be as in Corollary 4.9 we see that
⊥(S⊥) is indeed the class of level complexes, because level complexes are closed
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under retracts and transfinite extensions by Proposition 4.8. That same proposi-
tion says that the cotorsion pair is hereditary. Since the level complexes are closed
under direct limits it follows that every complex has a level cover. 
Remark 4.11. Let (F , C) denote the level cotorsion pair in R-Mod. Then in the
notation of [Gil04] the cotorsion pair of Corollary 4.10 is precisely (F˜ , dgC˜). This
is immediate from Proposition 4.6.
4.4. Gorenstein AC-projective chain complexes. Dualizing Definition 3.1, we
get the following.
Definition 4.12. We call a chain complex X Gorenstein AC-projective if there
exists an exact complex of projective complexes
· · · → P1 → P0 → P
0 → P 1 → · · ·
with X = ker (P 0 → P 1) and which remains exact after applying HomCh(R)(−, L)
for any level chain complex L.
Theorem 4.13. A chain complex X is Gorenstein AC-projective if and only if
each Xn is a Gorenstein AC-projective R-module and Hom(X,L) is exact for any
level chain complex L. Equivalently, each Xn is Gorenstein AC-projective and any
chain map f : X → L is null homotopic whenever L is a level complex.
Proof. (⇒) Let X be a Gorenstein AC-projective complex. Then there exists an
exact complex of projective complexes
· · · → P1 → P0 → P
0 → P 1 → · · ·
with X = ker (P 0 → P 1) and which remains exact after applying HomCh(R)(−, L)
for any level chain complex L. We first wish to show that each Xn is a Gorenstein
AC-projective R-module. Of course we have the exact complex of projective R-
modules
· · · → (P1)n → (P0)n → (P
0)n → (P
1)n → · · ·
and it does have Xn = ker ((P
0)n → (P
1)n). So it is left to show that this remains
exact after applying HomR(−, L) for any level R-module L. But given any such L,
we get that Dn+1(L) is level from Proposition 4.6. Using the standard adjunction
HomCh(R)(Y,D
n+1(L)) ∼= HomR(Yn, L), we see that the complex of abelian groups
· · · → HomR((P
1)n, L)→ HomR((P
0)n, L)→ HomR((P0)n, L)→ · · ·
is isomorphic to the one obtained by applying HomCh(R)(−, D
n+1(L)) to the orig-
inal projective resolution of X . Since the latter complex is exact, we conclude Xn
is Gorenstein AC-projective.
Next we wish to show that for any level chain complex L, the complex Hom(X,L)
is exact. Since X is Gorenstein AC-projective it follows from the definition that,
whenever L is level, then ExtnCh(R)(X,L) = 0 for all n ≥ 1. In particular, we
get Ext1dw(X,L) = 0 for all level complexes L. Since for any n, Σ
−n−1L is also
certainly level whenever L is level, we get using [Gil04, Lemma 2.1] that 0 =
Ext1dw(X,Σ
−n−1L) ∼= Hn[Hom(X,L)]. So Hom(X,L) is exact.
(⇐) Now suppose eachXn is a Gorenstein AC-projective R-module and Hom(X,L)
is exact for any level chain complex L. We wish to construct a complete projective
resolution of X satisfying Definition 4.12. We start by using that Ch(R) has enough
projectives, and write a short exact sequence 0 → K → P0 → X → 0 where P0
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is a projective complex. Since the class of Gorenstein AC-projective R-modules is
resolving (by [BGH13, Lemma 8.6]) we see that each Kn is also Gorenstein AC-
projective. We claim that K also satisfies that Hom(K,L) is exact for all level
complexes L. Indeed for any choice of integers n, k and a level complex L, we
have Ext1R(Xk, Lk+n) = 0 since Lk+n is a level R-module and Xk is Gorenstein
AC-projective. Therefore we get a short exact sequence for all n, k:
0→ HomR(Xk, Lk+n)→ HomR((P0)k, Lk+n)→ HomR(Kk, Lk+n)→ 0.
Since products of short exact sequences of abelian groups are again exact, we get
the short exact sequence
0→
∏
k∈Z
HomR(Xk, Lk+n)→
∏
k∈Z
HomR((P0)k, Lk+n)→
∏
k∈Z
HomR(Kk, Lk+n)→ 0.
But this is degree n of 0 → Hom(X,L) → Hom(P0, L) → Hom(K,L) → 0, and
so this is a short exact sequence of complexes. Since Hom(X,L) and Hom(P0, L)
are each exact it follows that Hom(K,L) is also exact as claimed. Since K has the
same properties as X we may inductively obtain a projective resolution
· · ·
d3−→ P2
d2−→ P1
d1−→ P0
ǫ
−→ X −→ 0
where each Ki = Im di (i ≥ 1) is degreewise Gorenstein AC-projective and which
satisfies that Hom(Ki, L) is exact for any level complex L. This resolution must re-
main exact after applying HomCh(R)(−, L) for any level L because Ext
1
Ch(R)(Ki, L) =
Ext1dw(Ki, L)
∼= H−1[Hom(Ki, L)] = 0, where again we have used [Gil04, Lemma 2.1].
It is left then to extend · · ·
d3−→ P2
d2−→ P1
d1−→ P0
ǫ
−→ X −→ 0 to the right to obtain
a complete resolution satisfying Definition 4.12. First note that there is an obvious
(degreewise split) short exact sequence
0→ X
(1,d)
−−−→
⊕
n∈Z
Dn+1(Xn)
−d+1
−−−−→ ΣX → 0.
Now each Xn is Gorenstein AC-projective. So we certainly can find a short exact
sequence 0 → Xn
αn−−→ Qn
βn
−−→ Yn → 0 where Qn is projective and Yn is also
Gorenstein AC-projective. This gives us another short exact sequence⊕
n∈Z
Dn+1(Xn)
⊕
n∈Z
Dn+1(αn)
−−−−−−−−−−−→
⊕
n∈Z
Dn+1(Qn)
⊕
n∈Z
Dn+1(βn)
−−−−−−−−−−→
⊕
n∈Z
Dn+1(Yn).
Notice that
⊕
n∈ZD
n+1(Qn) is a projective complex and we will denote it by P
0.
Furthermore, let η : X → P 0 be the composite
X
(1,d)
−−−→
⊕
n∈Z
Dn+1(Xn)
⊕
n∈Z
Dn+1(αn)
−−−−−−−−−−−→
⊕
n∈Z
Dn+1(Qn).
Then η is an monomorphism since it is the composite of two monomorphisms.
Moreover, setting C0 = cok η, it follows from the snake lemma that C0 sits in
the short exact sequence 0 → ΣX −→ C0 −→
⊕
n∈ZD
n+1(Yn) → 0. In particular,
C0 is an extension of
⊕
n∈ZD
n+1(Yn) and ΣX , and so C
0 must be Gorenstein
AC-projective in each degree since both of
⊕
n∈ZD
n+1(Yn) and ΣX are such. Be-
cause of this, if L is any level complex, applying Hom(−, L) to the short exact
sequence 0 → X −→ P 0 −→ C0 → 0 will yield the short exact 0 → Hom(C0, L) →
Hom(P 0, L) → Hom(X,L) → 0 of chain complexes. And also Hom(C0, L) must
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be exact since Hom(P 0, L) and Hom(X,L) are. Since C0 has the same properties
as X , we may continue inductively to obtain the desired resolution
0 −→ X
η
−→ P 0
d0
−→ P 1
d1
−→ P 2
d2
−→ · · ·
Finally, we paste the resolution together with · · · −→ P2
d2−→ P1
d1−→ P0
ǫ
−→ X → 0 by
setting d0 = ηǫ and we are done. 
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